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ABSTRACT

BFloat16 (BF16) precision is standard for large language model inference, but
its limited mantissa violates the shift-invariance property of Rotary Position Em-
bedding (RoPE), causing attention outputs to vary with absolute position offsets.
This inconsistency poses challenges for position-independent caching (PIC) sys-
tems that reuse KV caches across different position contexts. We hypothesize
that this error concentrates at attention sink positions—the initial tokens that re-
ceive disproportionate attention—and propose SinkCast, an inference-time cor-
rection method that selectively recomputes sink-key logits in FP32 precision and
applies a closed-form correction to BF16 FlashAttention outputs. Our compre-
hensive evaluation on Llama-3.1-8B and Mistral-7B-v0.3 yields negative results:
the sink key accounts for only 5-8% of total shift-error (refuting the localiza-
tion premise), SinkCast achieves at most 36% gap closure (far below the 80%
target), and downstream evaluation shows —0.91 points overall improvement (no
benefit). These findings demonstrate that BF16 RoPE shift-error is fundamen-
tally distributed across all key positions, not localized at sinks, suggesting that
sink-focused correction approaches are insufficient and alternative solutions are
needed.

WARNING: This paper was generated by an automated research system. The code
is publicly availableE]

1 INTRODUCTION

BFloat16 (BF16) precision has become the de facto standard for large language model (LLM) in-
ference, offering substantial memory and computational savings while maintaining acceptable ac-
curacy for most applications (Dubey et al.,|2024} Jiang et al., 2023)). However, this efficiency comes
with subtle numerical consequences that can affect system-level behaviors. One such consequence
involves Rotary Position Embedding (RoPE) (Su et al., [2021), the dominant positional encoding
scheme in modern LLMs. RoPE’s theoretical shift-invariance property—where attention logits de-
pend only on relative positions—breaks down under BF16 precision due to the limited 7-bit man-
tissa, causing attention outputs to vary with absolute position offsets (Wang et al., 2024).

This shift-invariance violation poses practical challenges for position-independent caching (PIC)
systems (Yao et al.,[2024; Hu et al., 2024), which accelerate LLM serving by reusing precomputed
KV caches across different position contexts. When the same cached content produces different
attention outputs depending on its absolute position, PIC systems face inconsistency that can degrade
generation quality. While full FP32 computation would restore shift-invariance, it sacrifices the
efficiency gains that motivate BF16 adoption.

We hypothesize that BF16 shift-error concentrates at attention sink positions—the initial tokens
that receive disproportionate attention regardless of semantic relevance (Xiao et al.| [2023)). If true,
selectively correcting only sink-key attention logits could restore shift-invariance with minimal com-
putational overhead. Based on this hypothesis, we propose SinkCast, an inference-time correction
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method that: (1) runs standard BF16 FlashAttention to obtain attention outputs and log-sum-exp
statistics, (2) selectively recomputes sink-key logits in FP32 precision, and (3) applies a closed-form
correction to produce shift-invariant outputs.

Our comprehensive evaluation on Llama-3.1-8B and Mistral-7B-v0.3 yields negative results. The
sink key accounts for only 5-8% of total shift-error, refuting the localization premise. SinkCast
achieves at most 36% gap closure, far below the 80% target for practical utility. Downstream eval-
uation shows —0.91 points overall improvement, indicating no benefit. These findings demonstrate
that BF16 RoPE shift-error is fundamentally distributed across all key positions, not localized at
sinks.

Our contributions are:

* We propose SinkCast, a principled inference-time correction method that selectively re-
computes sink-key attention logits in FP32 and applies closed-form corrections to BF16
FlashAttention outputs.

* We provide comprehensive evaluation demonstrating that the attention sink localization
hypothesis does not hold: the sink key contributes only 5-8% of total BF16 shift-error.

* We analyze why sink-focused correction fails, showing that BF16 rotation precision loss
affects all key positions equally, and discuss implications for future approaches to this
problem.

2 RELATED WORK

Rotary Position Embeddings. Rotary Position Embedding (RoPE) (Su et al.,2021) encodes posi-
tional information by rotating query and key vectors in the complex plane, enabling relative position
awareness through the inner product. This approach has become the dominant position encoding
in modern LL.Ms including Llama (Dubey et al., 2024) and Mistral (Jiang et al., 2023). To extend
context windows beyond training lengths, Position Interpolation (Chen et al.l 2023) linearly scales
position indices, while YaRN (Peng et al.l 2023)) introduces frequency-dependent scaling factors.
These methods assume RoPE’s shift-invariance property holds exactly, an assumption violated un-
der BF16 precision.

Attention Sinks. |Xiao et al.|(2023) discovered that autoregressive LL.Ms allocate disproportionate
attention weight to initial tokens regardless of semantic relevance, a phenomenon termed “attention
sinks.” Streamingl. LM exploits this by retaining sink tokens in a sliding window cache for efficient
streaming inference. The concentration of attention at sink positions motivated our hypothesis that
correcting sink-key errors might address a substantial portion of BF16 shift-error.

Position-Independent Caching. Recent work on KV cache reuse systems, including
CacheBlend (Yao et al. [2024) and EPIC (Hu et al.l 2024), enables sharing cached key-value
pairs across different positions to accelerate retrieval-augmented generation. These systems rely
on RoPE’s shift-invariance property: the attention between query at position ¢ and key at position j
should depend only on the relative distance ¢ — j, not absolute positions. BF16 precision violations
of this property introduce errors when reusing caches at shifted positions.

Numerical Precision in Attention. The BF16 format provides computational efficiency but sac-
rifices mantissa precision (7 bits vs. 23 in FP32). [Wang et al.|(2024) demonstrated that BF16 RoPE
computation violates shift-invariance, causing performance degradation in long-context training.
FlashAttention (Dao et al., [2022; [Dao}, [2023)) achieves memory-efficient attention through tiling but
accumulates in reduced precision, potentially amplifying numerical errors.

Long-Context Evaluation. We evaluate on RULER (Hsieh et al.,2024)), which provides synthetic
tasks including needle-in-a-haystack retrieval and variable tracing, and LongBench (Bai et al.,|2023),
which offers diverse real-world long-context tasks spanning question answering, summarization, and
retrieval.



“QANALEMMA

3 METHOD

3.1 PROBLEM SETUP

Rotary Position Embedding (RoPE) (Su et al.| 2021} encodes positional information by applying a
rotation matrix R,,, to query and key vectors at position m:

ij = R’rnq”u kn = Rnkn (1)
where R,, is a block-diagonal rotation matrix with rotation angles m#, for each dimension pair d.
The attention logit between query at position ¢ and key at position j is:

ai; = G k; = q] R Rjk; = q] Rj_k; 2

This formulation yields the shift-invariance property: the attention logit depends only on the rela-
tive position j — 1, not on absolute positions. Consequently, shifting all position indices by a constant
A should not change attention outputs.

In practice, LLM inference typically uses BF16 precision for computational efficiency. However,
Wang et al.|(2024)) demonstrated that BF16 RoPE computation violates shift-invariance due to pre-
cision loss in the rotation operation. The 7-bit mantissa of BF16 introduces rounding errors that
accumulate differently at different absolute positions, causing the same relative position to produce
different attention logits depending on the global offset.

To quantify this shift-error, we define the D _logit metric. For a sequence of length T' evaluated at
two different position offsets A; and Ao, the shift-error at key index j is:

T
) 1 Lh Lh
Dioga(§) = 7 3 D lai (A1) = ai (As)] 3)
Lh i=1
where aé’-h denotes the attention logit at layer [, head h. This metric measures the average absolute

difference in pre-softmax attention logits for key index j when positions are shifted.

3.2 SINKCAST ALGORITHM

SinkCast is an inference-time correction method that selectively recomputes sink-key attention logits
in FP32 precision and applies a closed-form correction to the BF16 FlashAttention output. The
method operates in three stages, illustrated in Figure[T}

Stage 1: Fast Path. Run standard BF16 FlashAttention (Dao et al., 2022; |Dao, [2023) to obtain
the attention output O and row-wise log-sum-exp statistics Ise; = log } _; exp(a;;) for each query
position 7. FlashAttention exposes these statistics through its return_softmax_lse interface.

Stage 2: Selective FP32 Recomputation. For the sink key at position j = 0, recompute the
attention logit aj, in FP32 precision by applying FP32 RoPE rotations to the query and key vectors
before computing their dot product. This selective recomputation targets only the sink position,
avoiding the cost of full FP32 attention.

Stage 3: Closed-Form Correction. Apply an exact correction to the BF16 output using the re-
computed FP32 logit. The correction formula is derived in the following subsection.

3.3 CORRECTION FORMULA

For a single query position ¢, let a;o be the BF16 sink logit and a/, be the FP32-recomputed sink
logit. The baseline attention probability for the sink key is:

Pio = exp(aio — Ise;) 4

To compute the corrected normalization constant, we first remove the sink contribution:

IOg Zminus = lsei + IOg(l - pi,O) (5)
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Figure 1: SinkCast inference-time correction pipeline. Stage 1 (Fast Path) computes attention output
O using BF16 FlashAttention. Stage 2 (Selective FP32 Recomputation) extracts sink-key logits and
recomputes them in FP32 precision. Stage 3 (Closed-Form Correction) applies the delta to produce
corrected output O’ using FlashAttention’s softmax _lse for exact probability recovery.

Then add back the FP32-recomputed sink logit:
Ise; = logaddexp(10g Zminus, @) (6)

The corrected sink probability and scaling factor are:

phoy = exp(al, —Ise}), scale; = exp(lIse; — lse}) (7

The exact corrected output is then:
O; = scale; - (O; — pio - vo) + Dig - Vo ®)

where v is the value vector at the sink position. This formula subtracts the BF16 sink contribution,
rescales the remaining attention, and adds the FP32-corrected sink contribution.

Multi-Key Extension. The correction generalizes to K > 1 keys by replacing scalar terms with
sums over the corrected key set £ = {0,1,..., K — 1}:

O, = scale; - [ O; — Zpij “v; |+ Zpgj - j 9)

JjEK JEK

where Ise; is computed by removing all K keys and adding back their FP32-recomputed logits.

4 EXPERIMENTS

4.1 EXPERIMENTAL SETUP

Models. We evaluate on two RoPE-based LLMs: Llama-3.1-8B (Dubey et al., |2024)) and Mistral-
7B-v0.3 (Jiang et al.,|2023). Both models are loaded in BF16 precision with FlashAttention-2 (Dao),
2023).

Benchmarks. We use RULER (Hsieh et al., [2024)) for synthetic long-context evaluation (needle-
in-a-haystack retrieval, variable tracing, question answering) at sequence lengths 4K and 8K, and
LongBench (Bai et al., |2023) for real-world tasks (NarrativeQA, HotpotQA, GovReport, TREC,
PassageRetrieval).
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Table 1: BF16 RoPE shift-error distribution across key indices (seq_len=2048, shift=(0,4096)). The
sink key (5 = 0) accounts for only 5.0% (Llama) and 8.5% (Mistral) of total error, far below the
50% threshold required for SinkCast’s localization premise. Bold indicates highest error per row.

Model Dlogit (0) Dlogit(1> Dlogit(2) Dlogit(8) Dlogil(64) jo-fraCtiOH
Llama-3.1-8B 4.48 22.57 20.49 19.45 22.65 5.0%
Mistral-7B-v0.3 3.84 10.14 10.39 10.72 9.78 8.5%

BF16 RoPE Shift-Error Distribution Across Key Indices
(seq_len=2048, shift=4096)

jO_fraction: Llama=5.0%, Mistral=8.5% B Llama-3.1-8B
I Mistral-7B-v0.3

20 A

15 A

10 A

git(j) - Shift Error Magnitude

D_lo

2

Key Index j

Figure 2: BF16 RoPE shift-error distribution across key indices. The sink key (j = 0) consis-
tently has the lowest error magnitude, with jo-fraction of only 5.0% for Llama-3.1-8B and 8.5% for
Mistral-7B-v0.3. This demonstrates that BF16 shift-error is distributed across all keys, not concen-
trated at the sink position.

Shift Protocol. To measure position-shift sensitivity, we evaluate each input at two position
offsets: A; = 0 (default) and Ay, = 4096 (shifted). For microbenchmarks, we directly
set position_ids; for downstream tasks, we prepend M = 4096 masked tokens with
attention_mask=0.

Metrics. We report: (1) Dioge(j) for key indices j € {0,1,2,8,64}; (2) jo-fraction =
Diogit(0)/ > ; Diogit(j), measuring the sink key’s share of total error; (3) gap closure = (dpris —
dsc)/(dpri6 — drp32), measuring how much of the BF16-to-FP32 error gap SinkCast eliminates.

4.2 ERROR DISTRIBUTION ANALYSIS
Our first experiment tests the localization premise underlying SinkCast: that BF16 shift-error is
concentrated at the sink key (j = 0). TableEl shows the D distribution across key indices.

The results refute the localization premise. The sink key (j = 0) has the lowest D among all
measured indices, accounting for only 5.0% (Llama) and 8.5% (Mistral) of total error—far below
the 50% threshold that would justify sink-focused correction. Figure [2| visualizes this distribution,
clearly showing that error is spread across all key positions.

4.3 GAP CLOSURE RESULTS

Table 2] presents SinkCast’s gap closure for different values of K (number of corrected keys).
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Table 2: SinkCast gap closure for different /K values. Gap closure measures the fraction of BF16-
to-FP32 error gap eliminated. Best results: K = 4 for Llama (23.6%), K = 1 for Mistral (36.3%),
both far below the 80% target. Bold indicates best K per model.

Model K Gap Closure (max_drift) Gap Closure (mean_drift)
Llama-3.1-8B 1 10.2% 2.1%
Llama-3.1-8B 4 23.6% 2.2%
Llama-3.1-8B 8 15.4% 2.3%
Llama-3.1-8B 16 —19.6% 1.4%
Mistral-7B-v0.3 1 36.3% 1.6%
Mistral-7B-v0.3 4 34.8% 1.1%
Mistral-7B-v0.3 8 32.0% 2.7%
Mistral-7B-v0.3 16 29.8% 1.2%

Table 3: Downstream evaluation on RULER and LongBench. “BF16 Drop” is accuracy change from
position shift under BF16. “SC Drop” is accuracy change with SinkCast. “Improvement” = BF16
Drop — SC Drop (positive means SinkCast helps). Overall improvement is —0.91 points, indicating
SinkCast provides no downstream benefit.

Llama-3.1-8B Mistral-7B-v0.3

Benchmark BF16] SC| Impr. BFl16| SC| Impr.
RULER 4K

NIAH Single 0.0 0.0 0.0 2.0 4.0 -2.0
NIAH Multikey 0.0 0.0 0.0 —4.0 4.0 -8.0
Variable Tracing 0.0 0.0 0.0 0.0 2.0 -2.0
QA -088 1.11  —-199 -1.64 —-0.80 —-0.84
RULER 8K

NIAH Single 0.0 0.0 0.0 -2.0 2.0 —4.0
NIAH Multikey 0.0 0.0 0.0 0.0 2.0 -2.0
Variable Tracing 0.0 0.0 0.0 0.0 0.0 0.0
QA 1.67 —-042 209 -239 160 -399
LongBench

NarrativeQA -0.86 —0.52 -034 0.09 0.61 —0.52
HotpotQA -0.18 0.13 -031 0.31 0.28 0.03
GovReport -039 -030 -0.09 023 —-0.01 0.24
TREC 0.0 1.0 -1.0 —-0.50 1.0 —1.50
PassageRetrieval —0.50 0.0 —0.50 0.0 0.0 0.0
Average —0.22 —1.60
Overall -0.91

The best gap closure is 23.6% for Llama (K = 4) and 36.3% for Mistral (X = 1), both substan-
tially below the 80% target required for practical utility. Notably, increasing /K beyond the optimal
value degrades performance: Llama at K = 16 shows —19.6% gap closure, meaning SinkCast in-
creases error. This occurs because correcting more keys introduces precision mismatches between
FlashAttention’s tiled BF16 computation and the FP32 correction, which compound across layers.

4.4 DOWNSTREAM EVALUATION

Table [3]shows downstream task performance under position shift.

The overall improvement is —0.91 points, meaning SinkCast performs worse than the BF16 baseline.
This negative result stems from two factors: (1) BF16 position-shift drops are already minimal (<2
points typically), leaving little room for correction to help; (2) SinkCast introduces its own variance
by altering the attention computation, which can increase rather than decrease shift sensitivity.
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5 DISCUSSION

Why SinkCast Fails. The fundamental limitation of SinkCast is that BF16 RoPE shift-error arises
from precision loss in the rotation operation itself, which affects all key positions proportionally to
their rotation angles. As shown in Table [T} the sink key (j = 0) accounts for only 5-8% of total
shift-error. This distributed error pattern means that correcting any small subset of keys—whether
the sink position or the first K keys—cannot address the majority of the error. The rotation R,,
at position m involves trigonometric computations that lose precision under BF16’s 7-bit mantissa,
and this precision loss scales with the absolute position magnitude (Wang et al., [2024)).

Implications for Sink-Focused Approaches. Our results suggest that attention sinks, while im-
portant for streaming inference (Xiao et al.| [2023)), are not the primary source of BF16 shift-error.
The attention sink phenomenon concerns where attention weight concentrates, not where numerical
error originates. Future approaches to BF16 RoPE correction should target the distributed nature of
rotation precision loss rather than focusing on specific key positions.

Future Directions. Three directions may prove more effective: (1) full FP32 RoPE computation,
which eliminates the error source but incurs computational overhead; (2) training-time solutions like
AnchorAttention (Wang et al.,|2024) that modify attention patterns during continued pretraining; (3)
alternative position encodings that are less sensitive to numerical precision, such as learned absolute
embeddings or ALiBi-style relative biases.

Limitations. Our evaluation is limited to 7-8B parameter models; larger models may exhibit dif-
ferent error distributions. We also focus on position shifts up to 4096; longer shifts may reveal
different patterns. The downstream benchmarks, while diverse, may not capture all use cases af-
fected by shift-invariance violations.

6 CONCLUSION

We presented SinkCast, an inference-time correction method that selectively recomputes sink-key
attention logits in FP32 to address BF16 RoPE shift-invariance violations. Despite its principled
design, SinkCast fails to provide practical benefit: the localization premise is refuted (sink keys
account for only 5-8% of shift-error), gap closure is insufficient (23-36% vs. the 80% target), and
downstream improvement is negative (—0.91 points overall). Our analysis reveals that BF16 shift-
error is distributed across all key positions due to precision loss in the rotation operation itself, not
concentrated at attention sinks. This negative result provides valuable guidance for future work:
effective solutions must address the distributed nature of RoPE precision loss rather than targeting
specific key positions.
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