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ABSTRACT

Manifold-constrained Hyper-Connections (mHC) use Sinkhorn projection to pro-
duce doubly-stochastic routing matrices in deep networks, ensuring information
preservation during multi-stream routing. However, we discover that mHC’s rout-
ing parameters receive exactly zero gradients with default settings due to numer-
ical underflow: the Sinkhorn input range of 160 causes exp(—160) ~ 1077 to
underflow to zero, producing exact permutation matrices that block gradient flow.
We propose Range-Capped Sinkhorn (RRCS), which caps the input log-range to
reap before Sinkhorn iterations, ensuring exp(Zmin) > 0. On a 48-layer GPT-2
model, RRCS with 7¢,, = 2.0 restores gradient flow (from 0.0 to 4.1 x 1079,
enables parameter learning (drift of 4.19 vs. 0.0), and produces soft routing (en-
tropy 0.93 vs. 0.0)—all while preserving validation loss. RRCS is a one-line
modification that enables mHC to learn meaningful routing patterns.

WARNING: This paper was generated by an automated research system. The code
is publicly availableE]

1 INTRODUCTION

Deep neural networks increasingly employ structured routing mechanisms to enable dynamic infor-
mation flow between parallel computation streams. Hyper-Connections (Zhu et al.,|2024) generalize
residual connections (He et al.| |2015) by learning routing coefficients that determine how informa-
tion from multiple streams is combined at each layer. Manifold-constrained Hyper-Connections
(mHC) (Xie et al.| [2026) extend this approach by constraining routing matrices to be doubly-
stochastic through Sinkhorn projection, ensuring that information is neither created nor destroyed
during routing.

We identify a critical issue in mHC: the routing parameters receive exactly zero gradients during
training. With default settings, the Sinkhorn input range becomes so large that numerical underflow
produces exact permutation matrices, blocking all gradient flow to the routing parameters. Conse-
quently, the learned routing mechanism—a key innovation of mHC—never actually learns.

We propose Range-Capped Sinkhorn (RRCS), a simple modification that caps the input log-range
before Sinkhorn iterations. By ensuring that the minimum entry in the exponentiated matrix remains
above zero, RRCS restores gradient flow through the doubly-stochastic projection. With 7¢,p = 2.0,
RRCS increases routing parameter gradients from 0.0 to 4.1 x 10~5, enables parameter drift of 4.19
Frobenius norm units (compared to 0.0 for the baseline), and produces soft routing matrices with
entropy 0.93—all while preserving validation loss.

Our contributions are:
* We diagnose a gradient vanishing problem in mHC caused by numerical underflow in the

Sinkhorn projection, where routing parameters receive exactly zero gradients with default
settings.

* We propose RRCS, a one-line modification that caps the Sinkhorn input range, restoring
gradient flow and enabling the routing mechanism to learn.

'"https://gitlab.com/fars—a/range-capped-sinkhorn-mhc
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* We validate RRCS on a 48-layer GPT-2 model, demonstrating gradient restoration, param-
eter learning, and soft routing without performance degradation.

2 RELATED WORK

Sinkhorn Algorithm and Optimal Transport. The Sinkhorn algorithm (Cuturi, [2013) provides
an efficient method for computing entropy-regularized optimal transport distances through iterative
matrix scaling. This approach has become foundational in machine learning, with comprehensive
treatments in [Peyré & Cuturi (2018)). However, numerical stability remains a challenge when input
matrices have large dynamic ranges, as the algorithm involves repeated exponentiation and nor-
malization operations. |Schmitzer] (2016)) proposed log-domain stabilization techniques for sparse
transport problems, while (Chakrabarty & Khannal (2018)) provided improved convergence analysis
for the Sinkhorn-Knopp algorithm.

Differentiable Sorting and Ranking. The Sinkhorn operator has been widely adopted for differ-
entiable relaxations of discrete structures. Mena et al.|(2018)) introduced Gumbel-Sinkhorn networks
for learning latent permutations, enabling gradient-based optimization over permutation matrices.
Grover et al.| (2019) extended this to sorting networks via continuous relaxations, while [Blondel
et al.| (2020) developed fast differentiable sorting and ranking operators. These methods share a
common challenge: ensuring gradient flow through the Sinkhorn projection when input ranges are
large.

Deep Network Routing and Residual Connections. Residual connections (He et al., 2015) en-
able training of very deep networks by providing gradient shortcuts. Subsequent work has explored
alternatives to standard residual connections, including ReZero (Bachlechner et al.l [2020) which
initializes residual branches to zero, Fixup initialization (Zhang et al.| [2019) which enables train-
ing without normalization, and Pre-LN Transformers (Xiong et al., [2020) which improve training
stability through layer normalization placement.

Hyper-Connections and mHC. Hyper-Connections (Zhu et al.l 2024) generalize residual con-
nections by learning dynamic routing coefficients between network layers. Manifold-constrained
Hyper-Connections (mHC) (Xie et al., |2026) extend this by constraining routing matrices to be
doubly-stochastic through Sinkhorn projection. Recent work has explored efficiency improvements,
including mHC-lite (Yang & Gao, [2026) which reduces Sinkhorn iterations and KromHC (Zhou
et al., 2026) which uses Kronecker-product parameterization. Our work complements these efforts
by addressing numerical stability in the Sinkhorn projection.

3 METHOD

3.1 BACKGROUND: MHC AND SINKHORN PROJECTION

Manifold-constrained Hyper-Connections (mHC) (Xie et al.| [2026) extend standard residual con-
nections by learning dynamic routing matrices between multiple parallel streams. Given n streams,
mHC constrains the residual routing matrix H;* at layer [ to be doubly-stochastic, ensuring that
information is neither created nor destroyed during routing.

The doubly-stochastic constraint is enforced via the Sinkhorn-Knopp algorithm (Cuturi, 2013).
Given learnable logits H[* € R™*", the algorithm first scales by a temperature parameter 7 and
exponentiates:

Z=H>/r, M =exp(2) (1)
Then, alternating row and column normalizations are applied for 7" iterations:

M® = T(T.(ME1)) )

where T;. and T, normalize rows and columns to sum to 1, respectively. The final output H;* =
M) is a doubly-stochastic matrix.
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Range-Capped Sinkhorn (RRCS) for Manifold-Constrained Hyper-Connections (mHC)
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Figure 1: Overview of Range-Capped Sinkhorn (RRCS) for mHC. The method caps the log-range
of Sinkhorn inputs to 7, before iterations, preventing numerical underflow in exp(Z) and enabling
gradient flow through the doubly-stochastic projection.

3.2 PROBLEM ANALYSIS: GRADIENT VANISHING IN SINKHORN

We identify a critical issue in mHC: with the default temperature 7 = 0.05 and standard initialization
(diagonal entries 0, off-diagonal entries —8), the Sinkhorn input range becomes extremely large:
0—(-8) 8

r =max(Z) — min(Z) = = 008
T .

= 160 3)
This large range causes numerical underflow in the exponentiation step. The smallest entry in A/ (?)
becomes exp(—160) ~ 10~79, which underflows to exactly zero in floating-point arithmetic. Con-

sequently, the Sinkhorn output converges to a permutation matrix (in this case, the identity matrix),
and the gradient 0H[* /0 H]* becomes zero everywhere.

The gradient chain for the routing parameters is:

oc oL OH[® 0Z @
alees aHlfes YA aﬁlres
When exp(Zmin) = 0, the Jacobian 0H[*/0Z has zero rows, blocking all gradient flow to the
routing parameters. Our experiments confirm this: with default settings, H™* gradients are exactly
0.0 across all layers and training steps.

3.3 RANGE-CAPPED SINKHORN (RRCS)

We propose Range-Capped Sinkhorn (RRCS), a simple modification that caps the input log-
range before Sinkhorn iterations. Given the scaled logits Z = H[*/7, we compute the range
r = max(Z) — min(Z) and apply capping when r > 7cp:
| Z — (max(Z) — reap) T > Tegp
Zeapped = {Z otherwise )

This shift ensures that max(Zcapped) — Min(Zeapped) < Teap, S0 the smallest entry in exp(Zeapped) i8
at least exp(—reep) > 0. With 7y = 2.0, we have exp(—2) ~ 0.135, which provides meaningful
off-diagonal entries and enables gradient flow through the Sinkhorn projection.

Figure[I]illustrates the RRCS mechanism. RRCS is a one-line modification to existing mHC imple-
mentations and introduces no additional hyperparameters beyond 7.
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Table 1: Main experimental results comparing mHC default, fixed 7 cap-init control, and RRCS
(rcap = 2.0) on a 48-layer GPT-2 model trained for 5000 iterations. RRCS restores gradient flow
and enables parameter learning while preserving validation loss. Best values in bold.

Method H™ Grad 1 Param DriftT  Val Loss | Entropy 1 Spike Ratio | DS Error |
mHC Default (7=0.05) 0.0 0.0 4.7744+0.015 0.0 1.40 0.0
Cap-Init (7=0.267) 1.59x1071%  3.40x1071°  4.774+0.013 6.49x10~12 1.40 0.0
RRCS (7¢p=2.0) 4.10x106 4.19 4.778+0.013 0.933 1.30 3.94x1077

4 EXPERIMENTS

4.1 EXPERIMENTAL SETUP

We evaluate RRCS on a 48-layer GPT-2 model with mHC (Xie et al.| [2026)), using 4 parallel streams
(n = 4). The model has approximately 20.8M parameters with embedding dimension 150 and 6
attention heads. We train on FineWeb-Edu (Penedo et al.l [2024) for 5000 iterations with batch size
32 (8 micro-batches x 4 gradient accumulation steps), sequence length 1024, and cosine learning
rate decay from 6 x 10~ to 6 x 10~° with 200 warmup steps. The mHC configuration uses 7 = 0.05
and 10 Sinkhorn iterations. All experiments are run with 3 random seeds (42, 123, 456) on A100
GPUs.

We compare three conditions: (1) mHC Default: the original mHC with 7 = 0.05; (2) Cap-Init:
a control condition with increased temperature 7 = 0.267 to reduce the initial Sinkhorn range from
160 to 30; and (3) RRCS: our proposed method with re,, = 2.0. We measure H™ gradient norm
(median across layers and steps), parameter drift (Frobenius norm of change from initialization),
validation loss, routing entropy, gradient spike ratio, and doubly-stochastic (DS) error.

4.2 MAIN RESULTS

Table [I] presents the main results. RRCS restores gradient flow through the Sinkhorn projection,
increasing H™* gradient norms from exactly 0.0 to 4.1 x 10~%. This enables the routing parameters to
learn, with parameter drift of 4.19 Frobenius norm units compared to 0.0 for the baseline. Critically,
validation loss is preserved at 4.778 £ 0.013, statistically indistinguishable from the baseline (4.774
=+ 0.015).

The cap-init control demonstrates that simply increasing 7 is insufficient. Despite reducing the
Sinkhorn range from 160 to 30, gradients remain negligible (1.59 x 10~!5) because exp(—30) ~
1013 still produces near-exact permutation matrices. This confirms that per-step adaptive range
capping is necessary.

Figure 2] shows the gradient time series over training, demonstrating that RRCS enables sustained
learning of the routing parameters throughout training, not just at initialization.

4.3 ROUTING ANALYSIS

Figure [3] visualizes the learned routing matrices. With mHC default and cap-init, the routing matri-
ces remain at identity (entropy = 0), meaning each stream maps only to itself. RRCS produces soft
doubly-stochastic routing with entropy 0.93 (between 0 for permutation and 1.39 for uniform 4 x4
matrix), enabling meaningful information exchange between streams. The learned routing shows ap-
proximately 0.71 on the diagonal and 0.10 on off-diagonal entries, indicating that streams primarily
preserve their identity while also mixing information with other streams.

4.4  ABLATION STUDY: 7cap SENSITIVITY

Table 2 shows the sensitivity to r¢,p. Gradient flow decreases exponentially with r¢,p: each 10-unit
increase reduces gradients by approximately 4 orders of magnitude. At r¢,, = 30, the gradient mag-
nitude (1.82 x 10~'%) matches the cap-init control, confirming that the mechanism is the same—both
produce Sinkhorn ranges of approximately 30. Only r¢,, = 2.0 produces meaningful parameter drift
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Figure 2: H'™ gradient norm time series over 5000 training iterations. RRCS (green) maintains
gradients at ~ 1076 throughout training, while mHC default (red) and cap-init (orange) show zero
or negligible gradients.

(a) mHC Default (t=0.05) (b) Fixed T Cap-Init (t=0.267) (c) RRCS (r_cap=2.0)
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Figure 3: Learned H™ routing matrices at step 5000. (a) mHC default and (b) cap-init produce
identity matrices (entropy=0), while (c) RRCS produces soft doubly-stochastic routing with en-
tropy=0.93, enabling meaningful stream mixing.

(4.19 vs. < 0.01 for larger caps). Validation loss remains similar across all ¢, values, indicating
that the range capping does not degrade model performance.

5 CONCLUSION

We identified a gradient vanishing problem in mHC caused by numerical underflow in the Sinkhorn
projection and proposed RRCS, a simple fix that caps the input log-range before iterations. RRCS
restores gradient flow, enables parameter learning, and produces soft doubly-stochastic routing with-
out degrading model performance. The modification is a single line of code with one hyperparam-
eter (7cqp). Future work includes investigating optimal 7., selection strategies and applying RRCS
to other Sinkhorn-based architectures in machine learning.
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