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ABSTRACT

Linear attention mechanisms like diagonal-decay delta attention (KDA) use Eu-
ler discretization with L2 normalization on keys and queries, which may discard
useful key-norm information that could serve as a signal-strength channel for im-
proved length extrapolation. We propose replacing the Euler coefficient with an
exact exponential integrator derived from continuous-time dynamics, which pro-
vides bounded coefficients that enable stable training without L2 normalization.
Experiments on three synthetic long-context tasks (Palindrome, MQAR, Stack)
show that the exponential integrator achieves numerical stability without normal-
ization (0 NaN/divergence across 27 runs). However, it does not improve accuracy
at length extrapolation: the proposed method underperforms the baseline on Palin-
drome (—0.81 pp) and Stack (—2.98 pp) at 4x extrapolation. Ablation analysis
reveals that neither the integrator alone nor the removal of L2 normalization pro-
vides accuracy benefits. This negative result suggests that discretization error is
not the primary bottleneck for length extrapolation in delta-rule attention.

WARNING: This paper was generated by an automated research system. The code
is publicly availablem

1 INTRODUCTION

Scaling Transformer context lengths is increasingly important for practical applications such as code
assistants, agents, and long-document question answering. However, standard softmax attention has
quadratic time and memory complexity in sequence length, motivating the development of sub-
quadratic alternatives including linear attention mechanisms (Choromanski et al., |2020) and state-
space models (Gu et al., 2021;/Gu & Dao\ [2023)).

Delta-rule linear attention has emerged as a promising approach that updates a per-head state ma-
trix using an error-correction rule derived from online regression (Yang et al., [ 2024b; Schlag et al.,
2021). Recent variants such as Gated Delta Networks (Yang et al.,[2024a) and Kimi Delta Attention
(KDA) (Zhang et al.,|2025) extend this framework with diagonal decay gates and achieve strong per-
formance on long-context tasks. However, these methods implement the underlying continuous-time
dynamics using first-order Euler discretization and require L2 normalization on keys and queries to
ensure numerical stability.

We hypothesize that L2 normalization may discard useful key-norm information that could serve
as a “signal-strength channel” for improved length extrapolation. FError-Free Linear Attention
(EFLA) (Lei et al.l 2025) shows that for rank-1 delta-rule dynamics, an exact exponential inte-
grator can be computed in closed form, eliminating discretization error. We propose applying this
exponential integrator to the delta-rule substep of KDA, which provides bounded coefficients that
may enable stable training without L2 normalization.

Our contributions are as follows:

1https://gitlab.com/farsfa/exponentialfintegratorfdeltafattention
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* We derive an exponential-integrator coefficient for diagonal-decay delta attention that pro-
vides implicit stability control through bounded contraction when key norms are large.

* We demonstrate that this integrator enables numerically stable training without L2 normal-
ization on keys and queries, with 0 NaN/divergence failures across 27 experimental runs.

* We report a negative result: despite achieving stability, the proposed method does not im-
prove accuracy at length extrapolation, suggesting that discretization error is not the pri-
mary bottleneck for this task.

2 METHOD

2.1 BACKGROUND: DELTA-RULE LINEAR ATTENTION

Linear attention mechanisms replace the softmax normalization in standard attention with a linear re-
currence, enabling O(n) time complexity for sequence modeling (Choromanski et al., 2020; |Schlag
et al.,[2021). The delta-rule variant maintains a state matrix S; € R% X% that is updated at each time
step using an error-correction rule derived from online regression (Yang et al., 2024b). Given key
k€ R, query q; € R, and value v, € R%, the delta-rule update minimizes the reconstruction

loss £4(S) = £[|STky — v,]|? via a single gradient step with learning rate 3;, yielding:

Sy =1 - Btktk;r)st—l + ﬂtktvj. (D
This recurrence corresponds to an explicit Euler discretization of the continuous-time dynamical
system % = fk:tktT S + ktv; with step size 5; (Lei et al., 2025). Recent work extends this

formulation with diagonal decay gates, where Kimi Delta Attention (KDA) applies a per-channel
decay D, = Diag(afate) before the delta update (Zhang et al.| 2025; Yang et al.,|2024a):

Sy =(I— 5tktk;)DtSt—1 + ﬁtkﬂ/t—r- )

To ensure numerical stability, KDA applies L2 normalization to keys and queries, constraining
||| = 1. While effective, this normalization discards key-norm information that could potentially
serve as a learnable signal-strength channel for improved length extrapolation.

2.2 EXPONENTIAL INTEGRATOR FOR THE DELTA-RULE SUBSTEP

We propose replacing the Euler discretization in the delta-rule substep with an exact exponential
integrator derived from the continuous-time dynamics. For the rank-1 system % = —kik] S+kw,

with constant (k¢, v;) over the integration interval, the matrix exponential exp(—f3;k:k,” ) admits a
closed-form solution due to the rank-1 structure of k; ka (Lei et al.,|2025; |Chen et al., [2018)).

Since k;k,' has a single non-zero eigenvalue \; = ||k||?, the matrix exponential simplifies to:

— exp(—fiAr)

1
exp(—Bikik] ) =1 — " k. (3)

This yields the exact discrete-time update:
St = (I - dtktkt—r) St,1 + dtkt’l)t—r, (4)
where S;_1 = D;S;_1 is the decayed state and the exponential-integrator coefficient is:

5y = L= exn(=ilk ]
2k

&)

The key property of this coefficient is its bounded behavior: as ||k¢|| — oo, & — 1/||k¢]|> —
0, providing implicit stability control. In contrast, the Euler coefficient oy = 1 — exp(—||k¢||?)
approaches 1 as ||k;|| — oo, which can lead to numerical instability when key norms are large. This
bounded contraction property suggests that the exponential integrator may enable stable training
without L2 normalization on keys and queries. Figure [T]illustrates the comparison between Euler
discretization and the proposed exponential integrator.

For numerical stability in implementation, we compute ¢&; using the expml function: &; =
—expml(—F:\;)/ max(As, €), and use the limit &; <« [; when \; < e since limy_,o(1 —

e PN /A= B.
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Figure 1: Comparison of Euler discretization (left) and exponential integrator (right) for diagonal-
decay delta attention. The exponential integrator replaces the unbounded Euler coefficient o, =
1 — exp(—||k¢||?) with a bounded coefficient &; = (1 — exp(—||k¢||?))/||k¢||?, which approaches
1/]|k¢||? as ||k¢|| — oo, providing implicit stability control without requiring L2 normalization.

3 EXPERIMENTS

3.1 EXPERIMENTAL SETUP

We evaluate the exponential integrator on three synthetic long-context tasks designed to stress differ-
ent aspects of sequence modeling: Palindrome (pattern reversal requiring precise positional mem-
ory), MQAR (multi-query associative recall testing key-value retrieval) (Arora et al.| 2023)), and
Stack (LIFO state tracking with multiple stacks) (Jelassi et al.l [2024). These tasks are lightweight,
reproducible, and directly stress long-range retrieval and state tracking capabilities.

We compare three conditions to isolate the contributions of the exponential integrator and L2 normal-
ization removal: (C1) Euler+L2Norm: standard KDA with Euler discretization and L2-normalized
keys/queries (baseline); (C2) ExpInt+L2Norm: exponential integrator with L2 normalization (iso-
lates integrator effect); (C3) ExplInt-noL2Norm: exponential integrator without L2 normalization
(proposed method).

All models use a 2-layer, 2-head architecture with d, = d,, = 128 and embedding dimension 256.
Training uses AdamW with weight decay 0.01, batch size 64, and learning rate 10~ selected via
grid search. Models are trained for 30,000 steps at sequence length L., = 1024 and evaluated
at Lieg € {1024, 2048, 4096} to assess length extrapolation. We report mean =+ standard deviation
over 3 seeds (42, 123, 456).

3.2 RESULTS

Table [T] presents the main experimental results. The key findings are as follows.

Numerical Stability Achieved. All 27 experimental runs (3 conditions x 3 tasks x 3 seeds) com-
pleted without NaN or divergence failures. The exponential integrator successfully enables stable
training without L2 normalization, confirming that the bounded coefficient property provides im-
plicit stability control.

No Accuracy Improvement at Length Extrapolation. Despite achieving numerical stability, the
proposed method (C3) does not improve accuracy over the baseline (C1) at the primary evaluation
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Table 1: Accuracy (%) comparison across three conditions and three synthetic tasks at different test
sequence lengths. Training length L = 1024. Results show mean = std over 3 seeds. Bold indicates
best per column. The proposed method (C3) achieves numerical stability but does not improve
accuracy over the baseline (C1) at length extrapolation.

Palindrome MQAR Stack
Condition L=1024 L=2048  L=4096 L=1024 L=2048 L=4096 L=1024 L=2048 L=4096
C1: Euler+L2Norm 11794213 2.53+041  1.81x£033  99.94+005 99.96+005  99.95+t006  98.97+031 95.10x079 87.99+1.71

C2: ExpInt+L2Norm 16.07+151  1.77+031  1.38+061  99.98+001 99.99+001  99.99+001  99.46+051 96.46+149 85474387
C3: ExpInt-noL2Norm  14.96+1.56 1.74+011  1.00+040 99.98+000 99.99+000 100.00+000 99.64+031 97.30+083 85.01+6.83

length L = 4096. On Palindrome, C3 achieves 1.00% versus C1’s 1.81% (—0.81 percentage points).
On Stack, C3 achieves 85.01% versus C1’s 87.99% (—2.98 pp). On MQAR, both methods achieve
near-perfect accuracy (~100%), exhibiting a ceiling effect that prevents meaningful comparison.
The primary success criterion of >5 pp improvement on >2/3 tasks is not met (0/3 tasks show
improvement).

Ablation Analysis. Comparing C2 versus Cl1 isolates the effect of the exponential integrator alone.
At L = 4096, differences are negligible: Palindrome —0.43 pp, MQAR +0.04 pp, Stack —2.52 pp.
This indicates that the integrator itself does not improve accuracy when L2 normalization is retained.
Comparing C3 versus C2 isolates the effect of removing L2 normalization. Again, differences are
minimal: Palindrome —0.38 pp, MQAR +0.01 pp, Stack —0.46 pp. The hypothesized “key-norm
signal-strength channel” does not materialize as an accuracy benefit.

Increased Variance. The proposed method (C3) exhibits markedly higher variance on the Stack
task at L = 4096 (std=6.83) compared to the baseline (C1, std=1.71). This is driven by seed 42
producing 75.43% accuracy, approximately 15 pp below the other seeds. This suggests that remov-
ing L2 normalization may reduce robustness to initialization, even when the exponential integrator
provides numerical stability.

4 RELATED WORK

Linear Attention and Fast Weight Programmers. Linear attention mechanisms replace softmax
normalization with feature maps that enable O(n) complexity through associative accumulation of
key-value statistics (Choromanski et al.| [2020). Schlag et al.| (2021) interpret such mechanisms as
fast-weight programmers, where the state matrix implements a dynamic associative memory updated
via low-rank modifications. [Irie et al.| (2021) extend this framework with recurrent updates that
improve expressivity beyond simple additive accumulation.

State Space Models. Structured state space models (SSMs) offer an alternative approach to effi-
cient sequence modeling by maintaining a fixed-size recurrent state with structured transitions (Gu
et al |2021). Mamba introduces selective state spaces with input-dependent dynamics (Gu & Dao,
2023)), while Mamba-2 establishes connections between SSMs and attention through structured state
space duality (Dao & Gul 2024). These models achieve strong performance on long sequences but
can struggle with associative recall tasks that require precise key-value retrieval.

Delta-Rule Attention. Delta-rule attention addresses the retrieval limitations of linear attention
by incorporating error-correction updates derived from online regression (Yang et al. 2024b).
Gated Linear Attention introduces hardware-efficient training algorithms (Yang et al.| 2023), while
Gated Delta Networks combine delta-rule updates with gating mechanisms for improved perfor-
mance (Yang et al.,2024a). Kimi Delta Attention (KDA) extends this line with diagonal decay gates
and achieves strong results on long-context tasks, though it requires L2 normalization on keys and
queries for stability (Zhang et al.||[2025).

Continuous-Time Perspectives. Several works interpret discrete sequence models as discretiza-
tions of continuous-time dynamics. Neural ODEs provide a foundational framework for continuous-
depth networks (Chen et al.l [2018)). Error-Free Linear Attention (EFLA) shows that for rank-1
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delta-rule dynamics, the exact exponential integrator can be computed in closed form, eliminating
discretization error (Lei et al.,2025). Our work applies this insight to diagonal-decay delta attention,
finding that while the integrator enables stable training without normalization, it does not improve
length extrapolation accuracy.

5 CONCLUSION

We investigated whether replacing Euler discretization with an exact exponential integrator in
diagonal-decay delta attention could enable stable training without L2 normalization and improve
length extrapolation. While the exponential integrator successfully achieves numerical stability
without normalization (0 NaN/divergence across 27 runs), it does not improve accuracy at length
extrapolation. Our ablation analysis reveals that neither the integrator alone nor the removal of L2
normalization provides accuracy benefits. This negative result suggests that discretization error is
not the primary bottleneck for length extrapolation in delta-rule attention, and that L2 normalization
may provide beneficial regularization beyond mere stability. Future work should explore alternative
approaches such as architectural modifications, training strategies, or hybrid methods to address the
length extrapolation challenge.
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