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ABSTRACT

Sparse attention enables efficient long-context inference by routing each query to
a subset of key-value buckets, but learned routers require per-head training while
training-free alternatives like symmetric k-means achieve limited quality. We in-
vestigate whether training-free routing can approach learned router quality. Sur-
prisingly, we find that geometric moment matching—aligning query-key distri-
butions via dot-product-preserving gauge transforms—provides no improvement
over symmetric k-means. This reveals that routing quality depends on predicting
which buckets contain high attention mass, not on distribution alignment. Build-
ing on this insight, we propose GWR Linear, which predicts attention mass per
bucket via closed-form ordinary least squares (OLS) computation. On Qwen2.5-
7B, GWR Linear achieves 72.6% attention-mass recall@32, closing 63.6% of the
gap between symmetric k-means (51.3%) and a learned MLP router (84.8%) with-
out any iterative training. Gap closure increases with routing budget (44%—-80%)
and generalizes across attention heads (mean 69.8% across 6 heads spanning lay-
ers 2-26).

WARNING: This paper was generated by an automated research system. The code
is publicly available

1 INTRODUCTION

Long-context inference has become increasingly important for large language models (LLMs) in
applications such as document understanding, code analysis, and multi-turn dialogue. However,
the quadratic complexity of self-attention (Vaswani et al., 2017) creates a fundamental bottleneck:
as context length grows, attention computation and key-value (KV) cache memory become pro-
hibitively expensive. While hardware-aware implementations like FlashAttention (Dao et al., 2022;
Daol, [2023)) optimize memory access patterns, they do not reduce the underlying O(n?) complexity.

Sparse attention offers a promising solution by attending to only a subset of keys for each query.
Recent work on inference-time sparse attention (Mazar’e et al., [2025)) partitions keys into buckets
via clustering and routes each query to a small number of buckets, achieving substantial speedups
while maintaining accuracy. The key challenge is routing: determining which buckets contain the
most relevant keys for each query. Learned routers achieve high quality but require per-head training,
creating deployment barriers. Training-free alternatives like symmetric k-means routing—assigning
queries to buckets using the same centroids as keys—are simple but limited in quality due to the
distribution mismatch between queries and keys in pretrained models.

We investigate whether training-free routing can approach the quality of learned routers. Our initial
hypothesis was that aligning query and key distributions via a dot-product-preserving gauge trans-
form would improve routing. Surprisingly, this geometric moment matching approach provides
no improvement over symmetric k-means (50.7% vs 51.3% recall). This negative result reveals a
key insight: routing quality depends on predicting which buckets contain high attention mass, not
on aligning distributions geometrically.

Building on this insight, we propose GWR Linear, which directly predicts attention mass per bucket
via ordinary least squares (OLS). Given calibration data, we compute a linear predictor W that maps
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queries to bucket scores in closed form—a single matrix solve with no iterative optimization. This
simple approach achieves 72.6% recall@32, closing 63.6% of the gap between symmetric k-means
and a learned MLP router, entirely without training.

Our contributions are threefold: (1) we demonstrate that geometric moment matching via gauge-
coupled whitening provides no improvement over symmetric k-means, revealing that distribution
alignment is the wrong objective; (2) we propose GWR Linear, achieving 63.6% gap closure to
learned routing via closed-form OLS computation; and (3) we show that GWR Linear generalizes
across routing budgets (44%—-80% gap closure) and attention heads (mean 69.8% across 6 heads
spanning layers 2-26).

2 RELATED WORK

Efficient attention mechanisms have been extensively studied to address the quadratic complexity
of standard self-attention (Vaswani et al., 2017). We organize related work into four categories and
position our contribution within this landscape.

Fixed-Pattern Sparse Attention. Early approaches to efficient attention employ predetermined
sparsity patterns. Sparse Transformer (Child et al., |2019) introduces strided and local attention pat-
terns that reduce complexity to O(n/n). Longformer (Beltagy et al.,[2020) combines sliding win-
dow attention with global tokens for document-level tasks, while BigBird (Zaheer et al., [2020) adds
random attention to local and global patterns with theoretical guarantees. These methods achieve
efficiency through fixed patterns but cannot adapt to content-dependent attention distributions, po-
tentially missing important long-range dependencies.

Learned Routing. Content-based sparse attention methods learn to route queries to relevant keys.
Routing Transformers (Roy et al., 2020) use online k-means clustering during training to allocate
tokens to clusters. More recently, Saap (Mazar’e et al., |2025) addresses the query-key distribution
mismatch in pretrained models by training a per-head MLP router to select buckets for each query,
achieving high recall with low selectivity. However, these methods require training data and opti-
mization, creating deployment barriers for new models. Our work targets the same routing objective
as Saap but achieves substantial quality via closed-form computation.

Hash-Based and Linear Attention. Reformer (Kitaev et al., 2020) uses locality-sensitive hash-
ing (LSH) to approximate attention in O(n log n) time, while MagicPIG (Chen et al.,[2024) extends
LSH sampling for efficient LLM generation. These methods assume queries and keys share sim-
ilar distributions, which often fails in practice. Linear attention approximations take a different
approach: Performer (Choromanski et al.| 2020) uses random feature maps to approximate soft-
max attention, Linformer (Wang et al., 2020) projects keys and values to lower dimensions, and
Nystromformer (Xiong et al., [2021) applies Nystrom approximation. These methods approximate
full attention rather than selecting sparse subsets, trading accuracy for efficiency.

KYV Cache Compression. Orthogonal to routing, KV cache compression methods reduce memory
footprint during inference. H20 (Zhang et al.,2023)) identifies “heavy hitter” tokens that accumulate
attention mass, SnapKV (L1 et al., 2024) compresses the cache based on attention patterns observed
during prefill, and StreaminglL.LM (Xiao et al.l 2023)) maintains attention sinks for streaming in-
ference. These approaches are complementary to our routing method and could be combined for
further efficiency gains.

Our work is the first to achieve substantial gap closure to learned routing (63.6%) via a training-
free closed-form approach, demonstrating that much of the routing signal can be captured by linear
attention-mass prediction.

3 METHOD

We present Gauge-Whitened Routing (GWR), a training-free approach to sparse attention routing
that achieves substantial quality improvements over symmetric baselines via closed-form computa-
tion.
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Figure 1: Overview of sparse attention routing approaches. Given de-RoPE query and key vectors,
keys are partitioned into C' = 1024 buckets via spherical k-means. Symmetric k-means routes
queries by centroid similarity (51.3% recall), while Saap-MLP uses a trained 2-layer MLP (84.8%
recall). Our GWR Linear achieves 72.6% recall via closed-form OLS computation without iterative
training.

3.1 PROBLEM SETUP

Consider a transformer attention head with query and key projections producing vectors ¢, k € R,
As illustrated in Figure[T] following recent work on inference-time sparse attention (Mazar’e et al.|
2025), we partition keys into C' buckets via spherical k-means clustering, yielding centroids {c; };;1
and hard assignments Hj, € {0,1}"**¢ where Hyli,j] = 1 if key 7 belongs to bucket j. For each
query, we select ¢ buckets to attend to, where ¢ < C controls the sparsity level.

The routing quality is measured by attention-mass recall@/: the fraction of a query’s total attention
weight captured by the selected buckets. Formally, let A € R™a*"™ denote the attention weight
matrix computed via softmax over QK ". The bucket-aggregated attention mass for query i is
yi = A;Hyp € RY, where y;[j] represents the total attention mass in bucket j. Given a routing
function that selects buckets B; C [C] with |B;| = ¢, the recall is:

Ng

1 .
Recall@/¢ = n—q Z Z yilJ]- (D

i=1jEB;

Our goal is to maximize recall without requiring any iterative training procedure.

3.2 GAUGE-COUPLED WHITENING

A key property of attention is that scores depend only on the dot product ¢ " k. This invariance admits
a family of equivalent representations: for any invertible matrix R € R% *9r the transformation

¢ =qR, K =kR T 2)

preserves all dot products since ¢' Tk’ = ¢" RTR™ "k = ¢'"k. This gauge symmetry (Wang &
Wang], 2026)) provides freedom to choose a representation space that facilitates routing.

We exploit this freedom via ZCA-style whitening. Given uncentered second moments M, =

E[q"q] + eI and M, = E[kTk] + eI computed from calibration data (where e is a small regu-
larizer), we seek a symmetric positive-definite matrix S satisfying the congruence equation:

SM,S = M. 3)
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The closed-form solution is § = M./*(M}/>M,M/?)=1/2M /2. Taking R = SV/2 yields

transformed vectors ¢’, k' that satisfy both dot-product preservation and second-moment matching:
]E[q/—l—q/] — E[k/—l'kl}.

The intuition is that symmetric nearest-centroid routing assumes queries and keys share similar
distributions. By aligning their second moments while preserving dot products, we create a repre-
sentation space where this assumption is better satisfied.

3.3 WHY GEOMETRIC MOMENT MATCHING FAILS

The gauge-coupled whitening described above represents our initial hypothesis: that aligning query
and key distributions geometrically would improve routing quality. However, empirical evaluation
reveals that this GWR Geometric approach achieves only 50.7% recall @32, essentially identical to
symmetric k-means (51.3%).

This surprising negative result reveals a fundamental insight: routing quality depends on predicting
which buckets contain high attention mass, not on aligning query-key distributions. The geometric
transform optimizes E[¢' " ¢'] = E[k’T k], but this objective is disconnected from the attention-mass
distribution y = AH}, that determines routing quality. Matching second moments does not help
predict where attention mass concentrates.

3.4 OLS ATTENTION-MASS PREDICTION

The failure of geometric moment matching motivates a different approach: directly predicting atten-
tion mass per bucket. Instead of transforming the representation space, we learn a linear predictor
W € R that maps queries to bucket scores:

Ui = W, 4

where §;[j] estimates the attention mass in bucket j for query 7. The routing decision selects the
top-¢ buckets by predicted score.

The key insight is that this predictor can be computed in closed form via ordinary least squares
(OLS). Given calibration queries @ € R™*% and their true bucket-aggregated attention masses
Y = AHj, € R"*Y, the optimal linear predictor minimizes |QW — Y ||%:

W*=(Q'Q+e) QY. (5)

This is a single matrix solve with no iterative optimization, learning rates, or hyperparameter tuning
beyond the regularization constant .

The resulting GWR Linear method achieves 72.6% recall@32, improving over GWR Geomet-
ric by +21.9 percentage points and closing 63.6% of the gap between symmetric k-means and the
learned Saap-MLP router. This dramatic improvement confirms that the right objective—predicting
attention mass—matters far more than geometric distribution alignment.

3.5 COMPLEXITY ANALYSIS

GWR Linear requires a one-time calibration phase with complexity O(nds + d2C') for computing
Q'Q and Q7Y plus O(d3) for the matrix inversion. For typical values (n ~ 10°, d;, = 128,
C = 1024), this takes seconds on a single CPU.

At inference time, routing each query requires computing ¢ and selecting the top-¢ entries, with
complexity O(d;C + C'log¢). This matches the cost of symmetric k-means routing (computing
query-centroid similarities), so GWR Linear adds no inference overhead while substantially im-
proving routing quality.

4 EXPERIMENTS

We evaluate GWR Linear on Qwen2.5-7B (Yang et al., 2024), comparing against training-free base-
lines and a learned router to quantify the gap closure achieved by our approach.
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Table 1: Routing performance comparison at budget / = 32 on Qwen2.5-7B (layer 14, head
0). GWR Linear achieves 72.6% recall, closing 63.6% of the gap between symmetric k-means
and learned Saap-MLP via closed-form OLS computation. Best in bold, second-best underlined.
tRequires training.

Method Recall@32 (1) Selectivity@32 Training Gap Closure
Random 0.030 £ 0.000  0.031 4 0.000 No —144.4%
Whitening-Only 0.250 £ 0.020  0.035 + 0.003 No —78.8%
Symmetric K-Means  0.513 £ 0.026  0.035 £ 0.002 No 0.0%
GWR Geometric 0.507 £0.027  0.035 £+ 0.002 No —1.7%
GWR Linear (Ours)  0.726 £+ 0.032  0.034 4+ 0.004 No 63.6%
Saap-MLP! 0.848 4 0.000  0.041 4 0.000 Yest 100.0%

4.1 EXPERIMENTAL SETUP

We evaluate on Qwen2.5-7B, a 7-billion parameter decoder-only transformer with 28 layers, 28
attention heads per layer, and head dimension d;, = 128. Following prior work on inference-time
sparse attention (Mazar’e et al., 2025)), we use de-RoPE (rotary position embedding removed) query
and key vectors for routing, while computing actual attention weights with the original RoPE-applied
vectors.

Our evaluation uses 6 prompts from the PG19 dataset at 32K context length, yielding approximately
134K long-range queries (distance > 2047 tokens). We partition keys into C' = 1024 buckets via
spherical k-means and evaluate at routing budget £ = 32 (3.1% of buckets visited per query).

We compare against four baselines: (1) Random: uniform random bucket selection; (2) Symmet-
ric K-Means: route queries by top-¢ centroid similarity in the de-RoPE space; (3) GWR Geo-
metric: our gauge-coupled whitening approach that matches second moments; (4) Saap-MLP: a
learned 2-layer MLP router trained for 50 epochs via SGD (Mazar’e et al., [2025)). We also include
a Whitening-Only ablation that applies independent ZCA whitening to queries and keys without
preserving dot products.

4.2 MAIN RESULTS

Table |1| presents our main results. GWR Linear achieves 72.6% recall@32, substantially outper-
forming symmetric k-means (51.3%) by +21.3 percentage points and closing 63.6% of the gap to
the learned Saap-MLP router (84.8%). This improvement is achieved entirely via closed-form OLS
computation with no iterative training.

The results reveal a striking finding: GWR Geometric, which aligns query-key second moments via
gauge-coupled whitening, achieves only 50.7% recall—essentially identical to symmetric k-means.
This confirms that geometric distribution alignment is the wrong objective for routing. The key
insight is that routing quality depends on predicting attention mass per bucket, which GWR Linear
directly optimizes.

The remaining 12.2 percentage point gap between GWR Linear and Saap-MLP (with non-
overlapping confidence intervals) indicates that the learned MLP captures non-linear routing patterns
that cannot be recovered by linear projection alone.

4.3  ABLATION: DOT-PRODUCT PRESERVATION

The Whitening-Only ablation in Table [T] demonstrates the importance of preserving dot products.
Independent ZCA whitening of queries and keys achieves only 25.0% recall, dramatically worse than
symmetric k-means (51.3%). Breaking the dot-product-preserving constraint destroys the geometric
information needed for routing.

This result clarifies the role of gauge coupling in GWR: it is protective rather than beneficial. The
gauge-coupled transform in GWR Geometric preserves baseline routing quality (50.7% ~ 51.3%)
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Figure 2: Recall and gap closure as a function of routing budget ¢. (a) Recall@/ for all methods
across budgets ¢ € {4,8,16,32,64,128}. GWR Linear consistently outperforms symmetric k-
means and approaches Saap-MLP at higher budgets. (b) Gap closure ratio increases monotonically
from 44.3% at £ = 4 to 80.3% at £ = 128, suggesting linear structure dominates at higher sparsity
levels.

Table 2: GWR Linear performance across 6 attention heads in Qwen2.5-7B at budget ¢/ = 32. Gap
closure ranges from 28.8% to 92.1% (mean: 69.8%), demonstrating consistent improvement across
model depth.

Head Symmetric K-Means GWR Linear Saap-MLP  Gap Closure
L2-HO 0.250 0.299 0.308 83.6%
L7-HO 0.067 0.445 0.478 92.1%
L14-HO 0.513 0.726 0.848 63.7%
L14-H14 0.208 0.234 0.298 28.8%
L21-HO 0.189 0.376 0.450 71.5%
L26-HO 0.323 0.503 0.552 78.9%
Mean 0.258 0.431 0.489 69.8%

even though it provides no improvement. The actual improvement in GWR Linear comes from the
OLS attention-mass objective, not from distributional standardization.

4.4 BUDGET SWEEP

Figure [2] shows how routing quality varies with budget /. GWR Linear consistently outperforms
symmetric k-means across all budgets, with gap closure increasing monotonically from 44.3% at
¢ =410 80.3% at £ = 128. At the highest budget (¢ = 128), GWR Linear achieves 88.4% recall
with only a 5.1 percentage point gap to Saap-MLP (93.5%).

This scaling behavior suggests that linear structure in the attention-mass distribution dominates at
higher sparsity levels. The diminishing gap to learned routing at high budgets indicates that the
non-linear patterns captured by the MLP become less critical when more buckets are selected.

4.5 MULTI-HEAD GENERALIZATION

Figure [3] and Table 2] present results across 6 attention heads spanning layers 2-26. GWR Linear
consistently outperforms symmetric k-means on all tested heads, with mean gap closure of 69.8%
(range: 28.8%—-92.1%).

The highest gap closure (92.1%) occurs at layer 7, head 0, where symmetric k-means nearly fails
(6.7% recall) but GWR Linear achieves 44.5% recall. This head exhibits particularly strong query-
key distribution mismatch that symmetric routing cannot handle, but the OLS predictor successfully
learns to route queries to high-attention-mass buckets.
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Figure 3: GWR Linear gap closure across 6 attention heads spanning layers 2-26 of Qwen2.5-
7B at budget / = 32. Mean gap closure is 69.8% with range 28.8%-92.1%. The highest gap
closure (92.1%) occurs at L7-HO where symmetric routing nearly fails (6.7% recall) but GWR Linear
achieves 44.5% recall.

The lowest gap closure (28.8%) at layer 14, head 14 suggests that some heads have attention patterns
with stronger non-linear structure that the linear predictor cannot fully capture. Nevertheless, GWR
Linear improves over symmetric k-means on every tested head, demonstrating robust generalization
across model depth.

5 CONCLUSION

We presented GWR Linear, a training-free approach to sparse attention routing that achieves 63.6%
gap closure to learned routing via closed-form OLS computation. Our key finding is that geomet-
ric moment matching—aligning query-key distributions via gauge-coupled whitening—provides no
improvement over symmetric k-means. Instead, routing quality depends on directly predicting at-
tention mass per bucket, which GWR Linear accomplishes without iterative training.

The remaining 12.2 percentage point gap to learned routing confirms that non-linear patterns exist
that linear prediction cannot capture. Future work could explore non-linear training-free predictors,
joint optimization across multiple heads, or integration with KV cache compression methods for
further efficiency gains.
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