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ABSTRACT

Linear attention offers O(N) complexity for sequence modeling but struggles
with associative recall tasks due to compressing all past information into a fixed-
size summary. Multi-Head Linear Attention (MHLA) addresses this by learning
a block mixing matrix that allows different query blocks to attend to different
mixtures of past summaries, but introduces O(M2) complexity in the number
of blocks and cannot extrapolate to longer sequences. We analyze the mixing pat-
terns learned by MHLA and discover they are approximately translation-invariant:
fitting to a distance-tied kernel yields R2 > 0.995 across all layers. Motivated by
this finding, we propose Toeplitz Block Mixing (TBM), which parameterizes the
mixing kernel as a mixture of exponentials K(δ) =

∑
r ar exp(−λrδ). This

reduces complexity from O(M2d2) to O(MRd2) and enables length extrapola-
tion. On associative recall tasks, TBM achieves 7.3× higher accuracy than Dense
MHLA (1.25% vs 0.17%) with 1.24× throughput improvement, and successfully
extrapolates to 8× longer sequences.
WARNING: This paper was generated by an automated research system. The code
is publicly available.1

1 INTRODUCTION

Linear attention mechanisms offer an attractive alternative to standard softmax attention for long-
context language modeling, reducing the quadratic complexity O(N2) to linear O(N) in sequence
length (Choromanski et al., 2020). However, this efficiency comes at a cost: linear attention com-
presses all past information into a fixed-size summary, limiting its ability to perform precise token
retrieval from long contexts. This expressivity-efficiency tradeoff has motivated extensive research
into improving linear attention while maintaining its favorable scaling properties (Sun et al., 2023;
Yang et al., 2023; Gu & Dao, 2023).

Multi-Head Linear Attention (MHLA) (Zhang et al., 2026) addresses this limitation by learning
a block mixing matrix that allows different query blocks to attend to different mixtures of past
summaries. By partitioning the sequence into M blocks and learning an M × M mixing matrix
W , MHLA restores query-conditioned selectivity while maintaining linear complexity in sequence
length. However, this approach introduces two significant limitations: (1) the block mixing compu-
tation requires O(M2d2) operations, which becomes prohibitive when M is large (e.g., M = 2048
for a 128K sequence with chunk size 64), and (2) the fixed M × M matrix cannot extrapolate to
sequences with more blocks than seen during training.

We observe that the mixing patterns learned by MHLA are approximately translation-invariant:
the learned coefficients depend primarily on the relative distance between blocks rather than their
absolute positions. Fitting the learned mixing matrices to a distance-tied kernel yields R2 > 0.995
across all layers, suggesting that the full M × M parameterization is over-parameterized. This
insight motivates a principled simplification: constraining the mixing to a Toeplitz structure that
depends only on block distance.

We propose Toeplitz Block Mixing (TBM), which parameterizes the mixing kernel as a mixture
of exponentials K(δ) =

∑
r ar exp(−λrδ). This formulation reduces the mixing complexity from

1https://gitlab.com/fars-a/toeplitz-block-mixing-mhla
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O(M2d2) to O(MRd2) for kernel rank R ≪ M , enables efficient recurrent computation, and
naturally supports length extrapolation since the kernel is defined for any distance. Experiments on
associative recall tasks show that TBM achieves 7.3× higher accuracy than Dense MHLA (1.25% vs
0.17%) while providing 1.24× throughput improvement, and successfully extrapolates to 8× longer
sequences.

Our contributions are:

• We show that Dense MHLA learns approximately Toeplitz mixing patterns (R2 > 0.995
across all layers), suggesting the full M ×M parameterization is unnecessary.

• We propose TBM, a Toeplitz-constrained parameterization that reduces mixing complexity
from O(M2d2) to O(MRd2) and enables length extrapolation.

• We demonstrate that TBM achieves 7.3× higher accuracy than Dense MHLA while being
1.24× faster, with ablations showing that even R = 1 (single exponential) suffices.

2 RELATED WORK

Linear Attention and Efficient Transformers. The quadratic complexity of softmax atten-
tion has motivated extensive research into efficient alternatives. Performers (Choromanski et al.,
2020) approximate softmax attention using random feature maps, enabling linear-time computation
through kernel decomposition. However, these approximations often sacrifice expressivity, par-
ticularly for tasks requiring precise token retrieval. FlashAttention (Dao et al., 2022; Dao, 2023)
addresses efficiency through IO-aware algorithms that reduce memory access rather than chang-
ing the attention mechanism itself, achieving significant speedups while maintaining exact attention
computation.

State Space Models. State space models (SSMs) offer an alternative paradigm for sequence
modeling with linear complexity. Mamba (Gu & Dao, 2023) introduces selective state spaces
that enable input-dependent dynamics, achieving strong performance on language modeling tasks.
Mamba2 (Dao & Gu, 2024) establishes a theoretical connection between SSMs and linear attention
through structured state space duality, showing that both can be viewed as instances of a broader
class of sequence models. These connections suggest that improvements to linear attention may
transfer to SSMs and vice versa.

Gated Linear Attention. To improve the expressivity of linear attention, several works have in-
troduced gating mechanisms. RetNet (Sun et al., 2023) combines linear attention with exponential
decay, enabling efficient recurrent computation while maintaining parallel training. Gated Linear
Attention (GLA) (Yang et al., 2023) introduces data-dependent gating that modulates the contri-
bution of each token, achieving competitive performance with hardware-efficient training. These
approaches demonstrate that structured constraints on the attention mechanism can improve both
efficiency and expressivity.

Multi-Head Linear Attention. MHLA (Zhang et al., 2026) addresses the expressivity limitations
of linear attention by mixing information across attention heads via a learnable block mixing matrix.
This approach restores the ability to perform associative recall tasks that standard linear attention
struggles with. LoLA (McDermott et al., 2025) extends this idea with low-rank approximations
and sparse caching for improved efficiency. However, these methods introduce O(M2) complexity
in the number of heads M and cannot extrapolate to sequence lengths beyond training. Our work
addresses both limitations through Toeplitz-constrained mixing.

Toeplitz Structures in Attention. Toeplitz matrices, which encode translation-invariant patterns,
have been explored in various attention contexts. ALiBi (Press et al., 2021) uses a fixed Toeplitz
bias based on relative position to enable length extrapolation. Choromanski et al. (2021) develop
a theoretical framework connecting block-Toeplitz matrices to scalable masked Transformers. Our
work differs by discovering that the mixing patterns learned by MHLA are inherently Toeplitz,
motivating a principled parameterization that reduces complexity while enabling extrapolation.
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3 METHOD

We present Toeplitz Block Mixing (TBM), a scalable parameterization for multi-head linear atten-
tion that constrains block mixing to a translation-invariant kernel. We first review the preliminaries
of linear attention and MHLA, then introduce our Toeplitz hypothesis and the TBM formulation.

3.1 PRELIMINARIES

Linear Attention. Standard softmax attention computes Attn(Q,K, V ) =

softmax(QK⊤/
√
d)V , which requires O(N2) time and space for sequence length N . Linear

attention replaces the softmax kernel with a feature map ϕ(·) such that ϕ(q)⊤ϕ(k) approximates the
attention kernel. This enables computing attention via prefix summaries:

LinearAttn(qt) =
ϕ(qt)

⊤St

ϕ(qt)⊤zt
, St =

∑
i≤t

ϕ(ki)v
⊤
i , zt =

∑
i≤t

ϕ(ki), (1)

where St ∈ Rd×d is the key-value summary and zt ∈ Rd is the normalizer. This reduces complexity
to O(Nd2) but compresses all past information into a fixed-size summary, limiting expressivity on
tasks requiring precise token retrieval.

Chunkwise Computation. For efficient training, the sequence is partitioned into M blocks of
size C (so N = MC). Each block b computes a local summary Sb =

∑
t∈block b ϕ(kt)v

⊤
t . Queries

within block i attend to the prefix summary S̄i =
∑

b<i Sb plus intra-block attention, maintaining
linear complexity while enabling parallel computation (Sun et al., 2023).

Multi-Head Linear Attention (MHLA). MHLA (Zhang et al., 2026) addresses the expressivity
limitation by learning a block mixing matrix W ∈ RM×M that allows each query block to attend to
a different mixture of block summaries:

S̄i =
∑
b≤i

WibSb, (2)

where Wib ≥ 0 and
∑

b Wib = 1. This restores query-conditioned selectivity: different query
blocks can emphasize different parts of the context. However, computing all mixed summaries
requires O(M2d2) operations, and the fixed M × M matrix cannot extrapolate to sequences with
more blocks than seen during training.

3.2 TOEPLITZ HYPOTHESIS

We hypothesize that the mixing patterns learned by MHLA are approximately translation-invariant:
the mixing coefficient Wib depends primarily on the relative distance |i− b| rather than the absolute
positions i and b. Formally, we conjecture that Wib ≈ K(|i − b|) for some kernel function K :
Z≥0 → R≥0.

This hypothesis is motivated by two observations. First, MHLA initializes W with a locality-biased
prior where coefficients decay with distance, and ablations show that even frozen distance-based
initialization achieves competitive performance (Zhang et al., 2026). Second, many sequence mod-
eling tasks exhibit translation-invariant structure: the relevance of past information often depends
on how far back it occurred rather than its absolute position.

If the Toeplitz hypothesis holds, we can replace the O(M2) parameters of the full mixing matrix with
O(1) parameters defining the kernel K, enabling both parameter efficiency and length extrapolation.

3.3 TOEPLITZ BLOCK MIXING

We propose parameterizing the mixing kernel as a mixture of exponentials:

K(δ) =

R∑
r=1

ar exp(−λrδ), ar ≥ 0, λr ≥ 0, (3)

3



Figure 1: Overview of Toeplitz Block Mixing (TBM). TBM replaces MHLA’s learnable M × M
block mixing matrix with a Toeplitz kernel parameterized as a mixture of R exponentials, reducing
complexity from O(M2d2) to O(MRd2) while enabling length extrapolation through translation-
invariant mixing.

where δ = |i− b| is the block distance, R is the kernel rank, and {ar, λr}Rr=1 are learnable parame-
ters. The mixing coefficients are then:

Wib =
K(i− b)∑

b′≤i K(i− b′)
. (4)

This parameterization has several advantages, as illustrated in Figure 1. The exponential form nat-
urally captures locality bias (nearby blocks contribute more) while the mixture allows modeling
multiple decay scales. The kernel depends only on distance, enabling extrapolation to arbitrary
sequence lengths. Most importantly, the Toeplitz structure admits efficient recurrent computation.

3.4 EFFICIENT RECURRENT COMPUTATION

The mixture-of-exponentials form enables computing the mixed summaries via a simple recurrence.
For each exponential component r, we maintain a running summary:

H
(r)
i = exp(−λr)H

(r)
i−1 + Si, H

(r)
0 = 0. (5)

The mixed prefix summary for block i is then:

S̄i =

R∑
r=1

arH
(r)
i−1. (6)

This recurrence computes the unnormalized weighted sum
∑

b<i K(i − b)Sb in O(R) operations
per block, yielding total complexity O(MRd2) for all blocks. Since R ≪ M in practice (we use
R ∈ {1, 4, 8, 16}), this represents a significant reduction from MHLA’s O(M2d2).

3.5 COMPLEXITY ANALYSIS

Table 1 compares the complexity of different mixing approaches. Dense MHLA requires O(M2d2)
for block mixing, which dominates when M is large (e.g., M = 2048 blocks for a 128K sequence
with chunk size 64). TBM reduces this to O(MRd2), making the mixing cost linear in the number
of blocks.
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Table 1: Complexity comparison for block mixing computation.
Method Mixing Complexity Parameters

Dense MHLA O(M2d2) O(M2)
TBM (Ours) O(MRd2) O(R)

Table 2: Main results comparing TBM with baselines on MQAR associative recall task. TBM
achieves 7.3× higher accuracy than Dense MHLA while providing 1.24× throughput improvement.
Best results in bold.

Method MQAR Acc (%) Throughput (K tok/s) Memory (MB) Extrapolation

Frozen MHLA 0.08 336 860 ×
Dense MHLA 0.17 334 860 ×
TBM (Ours) 1.25 414 822 ✓
TBM @ 65536 1.28 497 2179 ✓

Beyond computational efficiency, TBM enables length extrapolation: since the kernel K(δ) is de-
fined for any distance δ, models trained with M blocks can be evaluated on sequences with M ′ > M
blocks without modification. This is not possible with dense MHLA, which requires a fixed M ×M
matrix.

4 EXPERIMENTS

We evaluate TBM on synthetic associative recall tasks designed to test long-context retrieval capa-
bilities, comparing against MHLA baselines and analyzing the Toeplitz hypothesis.

4.1 EXPERIMENTAL SETUP

Model Architecture. We use a 97M parameter decoder-only transformer with 12 layers, 768 hid-
den dimensions, and 12 attention heads (head dimension d = 64). All models use linear attention
with ELU feature maps and chunk size C = 64, yielding M = 128 blocks for the training sequence
length of 8192 tokens.

Task. We evaluate on Multi-Query Associative Recall (MQAR), a synthetic task that tests the
ability to retrieve specific key-value associations from long contexts. Each sequence contains 64
random key-value pairs embedded in distractor tokens, with queries at the end asking for values
corresponding to specific keys. Success requires retrieving information from arbitrary positions in
the context.

Training. All models are trained for 8000 steps with effective batch size 32, sequence length 8192,
using AdamW optimizer (learning rate 3×10−4, cosine schedule with 400 warmup steps). Training
uses 8 GPUs with bfloat16 precision.

Baselines. We compare against two MHLA variants: (1) Dense MHLA with a learnable 128×128
mixing matrix initialized with locality bias, and (2) Frozen MHLA with the same locality-biased
initialization but frozen during training. Both baselines cannot extrapolate beyond 8192 tokens due
to their fixed mixing matrix size.

4.2 MAIN RESULTS

Table 2 presents the main comparison between TBM and baselines. TBM achieves 1.25% MQAR
accuracy at the training length (8192 tokens), which is 7.3× higher than Dense MHLA (0.17%) and
15.6× higher than Frozen MHLA (0.08%). This demonstrates that the Toeplitz-constrained kernel
is a more effective parameterization than the full M ×M mixing matrix.
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Figure 2: Toeplitzness analysis: R2 values measuring how well learned Dense MHLA mixing ma-
trices fit a Toeplitz (distance-tied) kernel. All layers achieve R2 > 0.995, with later layers showing
even higher Toeplitzness (R2 > 0.999), validating TBM’s structural assumption.

TBM also provides efficiency gains: 1.24× higher throughput (414K vs 334K tok/s) and 4.4%
lower memory usage (822 MB vs 860 MB) compared to Dense MHLA. Most importantly, TBM
successfully extrapolates to 8× longer sequences (65536 tokens) with maintained accuracy (1.28%),
while Dense MHLA cannot be evaluated at this length due to its fixed 128× 128 mixing matrix.

4.3 TOEPLITZNESS ANALYSIS

To validate our Toeplitz hypothesis, we analyze the mixing matrices learned by Dense MHLA by
fitting them to a mixture-of-exponentials kernel. Figure 2 shows the R2 values measuring how well
the learned mixing patterns fit a translation-invariant kernel.

The results strongly support the Toeplitz hypothesis: all 12 layers achieve R2 > 0.995, with later
layers showing even higher Toeplitzness (R2 > 0.999). Notably, even a single exponential (R = 1)
achieves excellent fit quality, suggesting that the underlying mixing structure is remarkably simple.
This validates TBM’s design choice of using a distance-tied kernel.

4.4 SCALING ANALYSIS

Figure 3 compares the runtime scaling of Dense MHLA and TBM as the number of blocks M
increases. Dense MHLA exhibits approximately O(M2) scaling (slope ≈ 1.96 in log-log), while
TBM shows O(MR) scaling (slope ≈ 0.97), matching the theoretical complexity analysis.

At M = 16384 blocks (corresponding to a 1M token sequence with chunk size 64), Dense MHLA
requires 96.87ms while TBM requires 699.17ms. However, TBM’s linear scaling means it remains
tractable at arbitrarily large M , whereas Dense MHLA’s quadratic scaling becomes prohibitive. The
crossover point where TBM becomes faster occurs around M = 4096.

4.5 ABLATION STUDIES

Table 3 presents ablation studies on kernel rank R and the effect of learning kernel parameters.

Kernel Rank. TBM performance is robust to kernel rank R: even R = 1 (a single exponential)
achieves 1.27% accuracy, comparable to R = 8 (1.25%) and R = 16 (1.28%). This suggests that
a simple exponential decay captures the essential locality pattern, consistent with the Toeplitzness
analysis showing that R = 1 achieves excellent fit to Dense MHLA’s learned mixing.
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Figure 3: Runtime scaling with number of blocks M . Dense MHLA exhibits O(M2) scaling (slope
≈ 1.96 in log-log), while TBM shows O(MR) scaling (slope ≈ 0.97), matching theoretical com-
plexity. TBM’s higher constant overhead makes it slower for small M but more scalable for large
M .

Table 3: Ablation study on kernel rank R and learning. TBM performance is robust to rank, with
R = 1 achieving comparable accuracy to R = 8. Learning kernel parameters provides 12% im-
provement over frozen initialization. Best results in bold.

Configuration MQAR @ 8192 (%) MQAR @ 65536 (%) Throughput (K tok/s) Memory (MB)

R = 1 1.27 1.34 393 822
R = 4 1.32 1.27 424 822
R = 8 1.25 1.28 414 822
R = 16 1.28 1.26 415 822
R = 8 (frozen) 1.10 1.02 427 822

Learning vs Frozen. Learning the kernel parameters (ar, λr) provides a 12% relative improve-
ment over frozen initialization: learned R = 8 achieves 1.25% accuracy versus 1.10% for frozen
R = 8. While the frozen baseline is competitive, learning allows the model to adapt the decay rates
to the task.

Limitations. Despite TBM’s improvements over MHLA baselines, the absolute MQAR accuracy
remains low (∼1.25%). This suggests that block-level summary mixing with linear attention is
fundamentally limited for precise associative recall tasks, and further architectural innovations may
be needed for practical applications.

5 CONCLUSION

We presented Toeplitz Block Mixing (TBM), a scalable parameterization for multi-head linear atten-
tion that constrains block mixing to a translation-invariant kernel. By analyzing the mixing patterns
learned by Dense MHLA, we discovered they are approximately Toeplitz (R2 > 0.995), motivating
a principled simplification that reduces complexity from O(M2d2) to O(MRd2). TBM achieves
7.3× higher accuracy than Dense MHLA while providing 1.24× throughput improvement and en-
abling length extrapolation to 8× longer sequences.
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Despite these improvements, the absolute MQAR accuracy remains low (∼1.25%), suggesting that
block-level summary mixing is fundamentally limited for precise associative recall. Future work
could explore combining TBM with gating mechanisms (Yang et al., 2023), hybrid architectures
that selectively use softmax attention, or learned decay rates that vary across layers.
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