“QANALEMMA

ADAPTIVE SRE-MASS CACHE SIZING FOR HYBRID
LINEAR ATTENTION

FARS
Analemma
fars@analemma.ai

ABSTRACT

Hybrid linear attention models combine the O(1) memory complexity of linear
attention with sparse caching for recall-critical tokens, but existing approaches
use fixed cache sizes that waste memory on easy updates and may be insuffi-
cient on hard ones. We propose SRE-adaptive-mass caching, which dynamically
sizes the sparse cache by retaining tokens until a target fraction p of the total
Self-Recall Error (SRE) mass is captured. SRE measures how well the linear
attention state can reconstruct each token’s value, providing a principled signal
for identifying tokens that need protection from memory collisions. On RULER
long-context benchmarks, our method achieves 46% cache reduction on Variable
Tracking while retaining 93% of baseline accuracy (16.52% vs. 17.72%). Criti-
cally, replacing SRE with attention-based importance scores causes complete task
failure (0% accuracy), demonstrating that the SRE signal is specifically essential
for adaptive cache sizing in hybrid linear attention architectures.

WARNING: This paper was generated by an automated research system. The code
is publicly availablem

1 INTRODUCTION

Large language models (LLMs) face a fundamental memory bottleneck when processing long con-
texts: the key-value (KV) cache grows linearly with sequence length, consuming memory propor-
tional to O(n - d - L) where n is the sequence length, d is the hidden dimension, and L is the number
of layers. For models like Llama-3.1-8B (Dubey et al., [2024) processing 128K tokens, this can
exceed 100GB of memory, severely limiting deployment on resource-constrained hardware. While
techniques like FlashAttention (Dao et al., [2022) optimize compute efficiency, they do not address
the fundamental memory scaling problem.

Hybrid linear attention architectures offer a promising solution by combining the O(1) mem-
ory complexity of linear attention with selective exact attention for recall-critical tokens. LoL-
CATs (Zhang et al., [2025) linearizes pretrained transformers by distilling softmax attention into
linear attention with learned feature maps, while LoLA (McDermott et al., 2025) extends this with a
sparse cache that stores high-error tokens for exact attention. However, LoLA uses a fixed cache size
A that must be set conservatively to handle worst-case difficulty, wasting memory on easy updates
and potentially being insufficient on hard ones.

The key insight of our work is that the Self-Recall Error (SRE)—which measures how well the linear
attention state can reconstruct each token’s value—provides a principled signal for adaptive cache
sizing. Rather than using a fixed A, we propose retaining tokens until a target fraction p of the total
SRE mass is captured, dynamically adjusting cache size based on actual recall requirements at each
update step.

Our contributions are as follows:

* We propose SRE-adaptive-mass caching, a training-free method that dynamically sizes the
sparse cache in hybrid linear attention based on cumulative SRE mass fraction.

1https://gitlab.com/farsfa/adaptivefsrefkvfcachefallocation


https://gitlab.com/fars-a/adaptive-sre-kv-cache-allocation
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* We demonstrate 46% cache reduction on Variable Tracking tasks while retaining 93% of
baseline accuracy (16.52% vs. 17.72%), showing that adaptive sizing can substantially re-
duce memory overhead.

* We show that the SRE signal is specifically critical for adaptive cache sizing—replacing
it with attention-based importance scores (H20-style) causes complete task failure (0%
accuracy), validating the theoretical connection between SRE and recall capability.

* We analyze task-dependent behavior, finding that tasks with diffuse token dependencies
(VT) benefit most from adaptive caching, while information retrieval tasks (MQ) require
higher cache budgets.

2 RELATED WORK

KYV Cache Compression. The memory overhead of KV caches in standard transformers has mo-
tivated extensive research on compression techniques. H20 (Zhang et al., [2023) identifies “heavy
hitter” tokens that consistently receive high attention scores and retains only these tokens plus recent
context. StreamingL.LM (Xiao et al.,2023) discovers that initial tokens serve as “attention sinks” and
proposes keeping them alongside a sliding window for infinite-length streaming. Scissorhands (Liu
et al., [2023) exploits the persistence of importance hypothesis, observing that important tokens re-
main important across decoding steps. FastGen (Ge et al., 2023) learns adaptive compression poli-
cies that vary across layers and heads. More recently, SnapKV (Li et al., [2024) compresses the
KV cache before generation by clustering attention patterns during the prompt phase, while Pyra-
midKV (Cai et al.| [2024)) allocates cache budgets based on a pyramidal information funneling ob-
servation where lower layers need more cache than upper layers. These methods target standard
softmax attention; our work addresses the distinct challenge of cache sizing in hybrid linear atten-
tion architectures where the importance signal must capture linear state approximation error rather
than attention scores.

Linear and Subquadratic Attention. To fundamentally address the quadratic complexity of at-
tention, researchers have developed subquadratic alternatives. Linear attention (Tay et al., [2020)
replaces the softmax with kernel feature maps, enabling O(1) memory per token via recurrent state
updates. Mamba (Gu & Daol [2023)) introduces selective state spaces that achieve strong language
modeling performance with linear complexity, while Mamba-2 (Dao & Gul, [2024) establishes a for-
mal duality between state space models and structured attention. RetNet (Sun et al.|[2023) combines
retention mechanisms with parallel training for efficient inference. BASED (Arora et al., 2024)
analyzes the recall-throughput tradeoff in linear attention, showing that simple architectures can
balance efficiency with associative recall capability. Gated DeltaNet (Yang et al., |2024) improves
upon Mamba-2 by incorporating delta rule updates for better in-context learning. However, pure
linear attention models still lag behind transformers on recall-intensive tasks, motivating hybrid ap-
proaches that combine linear attention with selective exact attention.

Hybrid Linear Attention. Hybrid architectures combine linear attention’s efficiency with selec-
tive exact attention for improved recall. Infini-attention (Munkhdalai et al., 2024)) augments trans-
formers with a compressive memory that stores past context in a fixed-size state, enabling infinite
context length. Dynamic Memory Compression (Nawrot et al., | 2024) retrofits pretrained LLMs with
learned compression decisions. LoOLCATs (Zhang et al.| 2025)) linearizes pretrained transformers by
distilling softmax attention into linear attention with learned feature maps, achieving competitive
performance with O(1) state size. LoLA (McDermott et al., 2025) extends this with a sparse cache
that stores high-SRE tokens for exact attention, recovering recall capability lost in linearization. A
recent systematic analysis (Wang et al., [2025) characterizes the design space of hybrid linear atten-
tion, identifying key architectural choices. Our work builds on LoLA’s sparse caching mechanism
but replaces its fixed cache size with adaptive sizing based on SRE mass fraction, enabling dynamic
memory allocation that responds to per-token recall requirements.
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3 METHOD

We present our approach for adaptive cache sizing in hybrid linear attention models. We first review
the background on hybrid linear attention architectures, then introduce the Self-Recall Error (SRE)
metric, and finally describe our adaptive cache sizing algorithm.

3.1 BACKGROUND: HYBRID LINEAR ATTENTION

Hybrid linear attention models combine the efficiency of linear attention with the expressiveness
of full-rank attention through a multi-component architecture. We build upon the LoLA frame-
work (McDermott et al., [2025)), which extends LoLCATSs (Zhang et al., |2025) with sparse caching.

Linear Attention. Standard softmax attention computes outputs as y; = Zle a+;v; where

attention weights a;; o< exp(q, k;/ \/(3) require storing all past key-value pairs. Linear atten-
tion (Katharopoulos et al., 2020) replaces the exponential kernel with a feature map ¢ : R — RP,
approximating attention weights as a¢; oc ¢(q;) ' $(k;). This enables a recurrent formulation:

. ¢la)'H

yi= QS(UQL))—FS:’ H, =H, 1+ ¢(k)v,, st =51+ (k) (1)
where H, € RP*dv is the hidden state matrix and s; € R is the normalization state. This bounds
memory cost to O(Dd,,), constant with respect to sequence length.

Memory Collisions. While efficient, linear attention suffers from limited capacity: the number of
orthogonal key-value associations is bounded by the rank of H;. When new updates overwrite past
associations, “memory collisions” occur, degrading recall performance on long-context tasks.

LoLA Architecture. To mitigate collisions, LoLA maintains three memory systems: (1) a sliding
window of size 1 with full-rank softmax attention for local context, (2) a sparse cache Gy of size A
storing key-value pairs that are difficult to remember, and (3) the linear attention state (Hy,s;) for
remaining tokens. The output combines all three components:

i = o(qe) "Hy + Zith eXp(thki/\/g)Vi + Z;:tf’lri»l eXp(QtTkj/\/a)Vj
L (a0 s+ Yieq, explal ki/VA) + Y, expla) k;/Vd)

2

3.2 SELF-RECALL ERROR

The key insight behind LoLA’s sparse caching is that some key-value pairs are inherently more
difficult for the linear attention state to memorize. To identify these pairs, LoLA introduces the
Self-Recall Error (SRE), which measures how well a past key can retrieve its associated value from
the current hidden state.

For a key-value pair (k, v) and current linear attention state (H, s;), the SRE is defined as:

2

=|v—vl3 3)
2

T
SRE(k,V ‘ Ht,St) = H(fb((l;))_r];l: -V

where v = ¢(k) TH; /¢ (k) T's; is the predicted value when using the key to query the linear attention
state. A high SRE indicates that the linear state cannot faithfully reconstruct the value for that
key, signaling a memory collision. LoLA uses SRE to score candidate key-value pairs at each
cache update step, retaining the top-A pairs with highest SRE in the sparse cache while sending the
remainder to the linear attention state.

3.3 ADAPTIVE CACHE SIZING

The original LoL A uses a fixed sparse cache size A\, which must be set conservatively to handle
worst-case difficulty. However, the per-update SRE distribution varies: some updates have many
high-error pairs while others have few. A fixed \ wastes memory on easy updates and may be
insufficient on hard ones.
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Figure 1: Overview of the adaptive SRE-mass cache sizing mechanism for hybrid linear attention.
The method dynamically adjusts sparse cache size A\; based on the cumulative SRE mass fraction,
retaining tokens until p fraction of total SRE is captured.

We propose SRE-adaptive-mass caching, which dynamically adjusts the cache size \; at each update
to capture a fixed fraction p of the total SRE mass. At each cache update step ¢, let £y = Gy_1 U
{(k;, v;) evicted from sliding window} be the eligible set of key-value pairs. We compute SRE
scores s; = SRE(k;, v; | Hy,s;) for all pairs in Ey, sort them in decreasing order, and select the

smallest prefix Gi; such that:
disizp Y s )
i€Gy JjeEE:

The adaptive cache size is then A; = |G|, clamped to [Amin, Amax)- The remaining pairs E; \ G,

are absorbed into the linear attention state. This approach is training-free and serves as a drop-in
replacement for LoLA’s fixed-\ cache update. Figure[I]illustrates the overall architecture.

4 EXPERIMENTS

We evaluate our SRE-adaptive-mass cache sizing method on long-context benchmarks, comparing
against fixed-cache baselines and an attention-based ablation.

4.1 EXPERIMENTAL SETUP

We use LoLCATs-Llama-3.1-8B (Zhang et al., [2025) as our base model, which linearizes Llama-
3.1-8B (Dubey et al., 2024) into a hybrid sliding-window softmax plus linear attention architecture.
The model uses Hedgehog-style feature maps (Zhang et al.| [2024) with 64-dimensional input and
128-dimensional output per head.

We evaluate on the RULER benchmark (Hsieh et al.| |2024) at 4K context length, focusing on two
tasks that stress long-context recall: Variable Tracking (VT), which requires tracking variable as-
signments across the context, and Multi-Query Needle-in-a-Haystack (MQ), which requires retriev-
ing multiple pieces of information from different positions. We use 500 examples per task with
greedy decoding on a single A100-80GB GPU.

Our configuration uses sliding window size = 128, mass fraction threshold p = 0.9, and cache
bounds Apnin = 32, Apnax = 768. We compare against three baselines: (1) LoOLCATs-8B+ without
sparse caching (n = 896, A = 0), (2) Fixed-A LoLA with A = 768, and (3) an attention-adaptive
ablation that replaces SRE with H20-style (Zhang et al.| [2023) attention scores.



“QANALEMMA

Table 1: Main results comparing adaptive and fixed cache sizing methods on RULER long-context
tasks at 4K context length. Best results in bold. Cache reduction computed relative to fixed A = 768
baseline.

Method n A VT Acec (%) MQ Acc (%) VT Red. MQ Red.
LoLCATs-8B+ (cited) 896 0 0.7 33 N/A N/A
Fixed-\ LoLA 128 768 17.72 12.10 0% 0%
Attention-Adaptive 128  163.6/60.2 0.0 0.0 78.7% 92.2%
SRE-Adaptive (Ours) 128 415.6/228.8 16.52 3.65 45.9% 70.2%

Table 2: Sensitivity analysis of mass fraction threshold p on accuracy and cache size. Higher p
retains more tokens but increases cache overhead. VT shows sharp elbow at p = 0.9; MQ improves
monotonically. x indicates recommended operating point.

P VT Acc (%) VT Cache VT Red. MQ Acc (%) MQ Cache MQ Red.

0.70 2.32 102.4 86.7% 1.35 65.7 91.4%
0.80 6.88 175.5 77.1% 1.00 100.5 86.9%
0.90* 16.52 415.6 45.9% 3.65 228.8 70.2%
0.95 16.16 564.8 26.5% 6.00 310.0 59.6%
Baseline 17.72 768 0% 12.10 768 0%

4.2 MAIN RESULTS

Table ] presents our main experimental results comparing adaptive and fixed cache sizing methods.

Our SRE-adaptive method achieves 46% cache reduction on VT while retaining 93% of the baseline
accuracy (16.52% vs. 17.72%), demonstrating that adaptive sizing can substantially reduce memory
overhead without significant quality loss. On MQ, the method achieves 70% cache reduction but
with a larger accuracy drop (3.65% vs. 12.10%), suggesting that information retrieval tasks may
require higher cache budgets.

Critically, the attention-adaptive ablation completely fails (0% accuracy on both tasks) despite using
the same adaptive sizing mechanism. This demonstrates that the SRE signal is specifically critical
for identifying which tokens need protection from linear attention collisions—generic attention-
based importance scores do not capture this information. The attention proxy produces even smaller
caches (163.6 for VT, 60.2 for MQ) because attention scores are more concentrated on “heavy hitter”
tokens, but these tokens are not necessarily the ones that suffer from memory collisions in the linear
state.

Both adaptive methods substantially exceed the LoLCATSs baseline without sparse caching (VT:
16.52% vs. 0.7%, MQ: 3.65% vs. 3.3%), confirming that the sparse cache mechanism is functional
and provides meaningful benefit for long-context recall.

4.3 SENSITIVITY ANALYSIS

We analyze the sensitivity of our method to the mass fraction threshold p, the only new hyperparam-
eter introduced. Table shows results for p € {0.7,0.8,0.9,0.95}.

Figure 2] visualizes the accuracy-cache tradeoff. For VT, we observe a sharp elbow between p =
0.8 and p = 0.9: accuracy nearly triples from 6.88% to 16.52%, indicating a phase transition
where sufficient SRE mass coverage becomes critical. Interestingly, VT accuracy is slightly non-
monotonic—p = 0.9 (16.52%) marginally exceeds p = 0.95 (16.16%)—suggesting that at very
high p, including low-quality pairs may dilute the softmax attention. For MQ, accuracy improves
monotonically with p but never approaches the baseline, indicating that information retrieval tasks
require more distributed caching that the adaptive mechanism consistently prunes. Based on these
results, we recommend p = 0.9 as the operating point for tasks with diffuse token dependencies.
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(a) Variable Tracking (VT) (b) Multi-Query NIAH (MQ)
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Figure 2: Accuracy vs. cache size tradeoff for different mass fraction thresholds p. (Left) Variable
Tracking shows a sharp elbow at p = 0.9, nearly matching baseline accuracy with 46% cache
reduction. (Right) Multi-Query NIAH shows gradual improvement but remains far from baseline at
all p values.
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Figure 3: SRE score concentration analysis. (Left) Gini coefficient distributions show moderate
concentration (0.13-0.15), indicating many tokens contribute to recall. (Right) Gap between implied
cache size from baseline SRE logs (~667) and actual adaptive cache size (~380) for VT, showing
additional savings from dynamic cache composition.

4.4 SRE CONCENTRATION ANALYSIS

To understand why aggressive cache reduction fails, we analyze the concentration of SRE scores
using Gini coefficients computed over 3M+ observations per task. Figure 3] shows that SRE distri-
butions exhibit only moderate concentration: VT has mean Gini 0.151 (median 0.138) and MQ has
mean Gini 0.130 (median 0.118). These low values indicate that SRE mass is spread across many
KV pairs rather than concentrated in a few “heavy hitters.”

This moderate concentration explains the sensitivity results: with SRE mass distributed broadly,
removing any subset of KV pairs inevitably loses meaningful recall capacity. The implied A\; com-
puted retroactively from fixed-\ baseline logs (mean 667 for VT, 670 for MQ) is close to the max-
imum cache size of 768, confirming that p = 0.9 mass coverage requires nearly the full eligible
set under static conditions. However, the actual adaptive A; during operation (mean 380 for VT) is
substantially lower, revealing that dynamic cache composition—where the eligible set changes as
tokens are selectively retained—enables additional savings beyond what static analysis would pre-
dict. VT’s slightly higher Gini (0.151 vs. 0.130) may partially explain its better accuracy retention
under adaptive sizing compared to MQ.
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5 CONCLUSION

We presented SRE-adaptive-mass caching, a training-free method for dynamically sizing the sparse
cache in hybrid linear attention models. By retaining tokens until a target fraction of total SRE
mass is captured, our approach achieves 46% cache reduction on Variable Tracking tasks while
preserving 93% of baseline accuracy. Critically, we demonstrated that the SRE signal is specifically
essential—attention-based importance scores fail completely, validating the theoretical connection
between SRE and recall capability.

Our method shows task-dependent behavior: tasks with diffuse token dependencies benefit substan-
tially, while information retrieval tasks like Multi-Query NIAH require higher cache budgets and
show larger accuracy drops. Future work could explore task-adaptive threshold selection, per-layer
p values based on Gini concentration analysis, and evaluation on longer contexts and diverse model
families.
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